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Abstract 

For any zero-diagonal matrix A — {uij), we show that A is a Kleene star 
if and only if span(j4) is convex and equal to 

X e K : ; z, fc G [n — IJ, I fc 

a-ik < Xi - Xk < ~aki 

Our proof is elementary. An equivalent result has been proved by Sergeev 
using, in a nontrivial way, the max-algebraic spectral theory of A. 



1 Introduction and notations 

Tropical algebra (also called max-algebra) resembles linear algebra. A basic prob- 
lem in tropical algebra is to determine the properties of the set V spanned (by means 
of tropical operations) by a given set of points S. When S consists of n points 
oi, . . . , a„ in a certain n — 1-dimensional projective space, then the properties of 
V follow from the properties of the n x n real matrix A given by the coordinates of 
the aj. In this setting, V is denoted span(y4). 

Most of the known proofs of properties concerning span(A) heavily call on the 
max-algebraic spectral theory of A. This theory, which depends on the properties 
of the directed graph associated to A, is well-known today; see I[ni2ll5ir7ll8ll20]|. 

Kleene stars form a particularly well-behaved class of matrices, in tropical alge- 
bra; see f5l,T7l|. They can be characterized in terms of linear equalities and inequal- 
ities; see ([T|l below. In this note we prove, by elementary methods, the following 
theorem: for any zero-diagonal matrix A = (aij), j4 is a Kleene star if and only if 
span(A) is convex and equal to 

^g^n-l. a,n<X,<-ani . f, ^ _ ^ f, 
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An equivalent result is proposition 3.6 in ifTTl . The proof there relies on the spectral 
theory of A. 

Convexity-related questions about span(yl) have recently drawn the attention 
of various authors; see |[9l[T0l[m[T2l[T3l. 

Earlier versions of this proof are found in |[T2llT4]| . 

Write © = max and = +. These are the tropical operations addition and 
multiplication. For n € N, set [n] := {1,2,..., n}. Let M"^" denote the set of 
n X n real matrices. Define tropical sum and product of matrices following the 
same rules of classical linear algebra, but replacing addition (multiplication) by 
tropical addition (multiplication). We will never use classical sum or multiplication 
of matrices, in this note; therefore, A Q B will be written AB, for simplicity, for 
matrices A,B. 

Consider A e M"^". By definition (see Inl |6l [H), A is a Kleene star if 
dmg{A) = and A = A^ (i.e., A is null diagonal and idempotent, tropically). 
Notice that, if each diagonal entry of ^ = {aij) vanishes, then A < A^, because 
for each i,j € [n], we have {A'^)ij = max^^^n] O'ik + afcj > Ojj- Therefore, being a 
Kleene star is characterized by the following n linear equalities and (2) + (3) linear 
inequalities: 

an = 0, aik + akj < aij, i,j, k £ [n], card{i,j, k} > 2. (1) 

We will only consider zero-diagonal matrices. A matrix A induces the follow- 
ing convex (possibly empty!) polytope in M"^^ 

Ca := U G R"-i : " " ; i,k e [n - ^ k] . (2) 

I aik <Xi-Xk< -aki J 

The projective tropical n — 1-dimensional space, denoted TP"~^, is the quotient 
space M"/ ~, where (ai, . . . , a„) ~ (61, . . . , 6„) if and only if (ai, . . . , a^) = 
(A + 61, . . . , A + bn), for some A € M. The equivalence class of (ai, . . . , a„) will 
be denoted [ai, . . . , a„]. Let Xi, . . . , Xn be coordinates on TP"~^. For any point 
in TP"~^, we can always choose a representative (ai, . . . , a„_i, 0) having null last 
coordinate. In this case, we say that we work in Xn = 0. This allows us to identify 
TP"-i with M"-!. 

From now on, we will write points in TP"^^ as columns and we wiU always 
work in X„ = 0. 

Let m G N and ai , . . . , am be points in TP"~^. The tropical span of ai . . . , 
is, by definition, 

span(ai, . . . , a^) = {(Ai + ai) © • • • © (A^ + a^) G TP"~^ : Ai, . . . , A^ G M}. 

(3) 
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We can write the coordinates Uij of the points aj as the columns of an n x m real 
matrix A and denote span(ai, . . . ,am) by span(^). Notice that span(y4) is the 
image of the map /a : TP'^-^ TP'^-i given by A AX. 

In order to view span(yl) inside M""^, we must use the matrix Aq = {aij), 
where 

Olij — Ojj (Ifij ■ (4) 

Then x = [xi, . . . , 0]* € span(A) if and only if there exist Ai, . . . , Xm G K 
such that 

= max Afc, (5) 

fcG[r?i] 

Xj = max Afc + a^j, j £ [n — 1]. (6) 

We will always view span(^) inside M"~^. 

Lemma 1. If m = n and diag(A) = 0, then Ca ^ span(^). 

Proof. Given x G Ca, consider scalars A„ = and Aj = Xj + a„i < 0, for 
i e [n — 1]. Then ^ and Q hold true, due to © and to the n(n — 1) inequalities 
defining Ca- Thus, x € span(^). 

□ 

Lemma 2. span(x, y) C Ca, for every x, y in Ca, with diag(^) = 0. 
Proof. A point z in span(x, y) admits coordinates Zn = = max{A, ^} and 

Zi=max{X + Xi,fi + yi}, i e [n - 1], 
for some A, /x G M. Say A = 0, < 0; then 

CLin <Xi< max{xi, ^ + = Zi < max{xi, yj < -a™, i G - !]• 

Choosing now i,k G [n — 1], i ^ k, we want to prove that Ojfc < Zi — Zk < —a-ki- 
If Xi = Zi and x^ = Z}^ or ji + yi = Zi and fi + y^ = z^, then it is obvious. 

If fi + yi = Zi and Xk = Zk, then aik < Xi - Xk < Zi - Zk = IJ. + yi - Xk < 

fJ' + Vi - fJ' - Vk = Vi - Vk < -aki- 

If fi + yk = Zk and Xi = Zi, then the situation is similar. □ 

Theorem 3. Assume that m = n and diag(^) = 0. The following are equivalent: 

( i) A is a Kleene star, 

(ii) each column of Aq belongs to Ca, 
(Hi) Ca = span(j4). 
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Proof. Recall the definition of and aij in ([Til. Then, for i,j,k S [n] we have 

(a) ani = 0, Uin = ttin and an = -Uni, 

(b) aij 



a 



n 



If A is a Kleene star (see inequalities (O), then 



(c) 

(d) ttik <OLij- akj 



< 



Items (c) and (d) above mean that each column of Aq belongs to Ca- Thus [(i) 
implies |(ii)[ 

Any point x in span(^) admits coordinates [xi, . . . , 0]* satisfying ^ and 
([6]). Say Ai = and write 

X = z e (As + col(Ao, 3)) e • • • e (A„ + col(^o, ?^)), 

with z = col(^o, 1) © (A2 + col(^o, 2)). 

Assuming |(ii)[ then z lies in Ca, by lemma [2l Again by lemma [2l in finitely 
many steps, we show that x lies in Ca- Thus, span(yl) C Ca- On the other hand, 
|(iii)| implies |(ii)[ clearly. 

Suppose now that some column of ^0 does not belong to Ca- Then, there exist 
i,j,k G [n] such that one inequality in (c) or (d) does not hold. Then A < A^,?,o A 
is not a Kleene star. □ 

Corollary 4. Assume that m = n and diag(A) = 0. Then span(j4) is convex if and 
only if A is a Kleene star. 

Proof. We only need to prove that span(74) C Ca, if span(j4) is convex. 

Assume that there exists x G span(74) \ Ca- We can assume that x is extremal 
in the convex set span(^). Then, there exist J nonempty, J C [n — 1] such that 
X is a vertex of the unique tropical linear subspace (called stable tropical join; see 
|[T6l ) determined by {col(j4o,i) : j G J}. Then, co\{AQ,j) Ca, for some j G J, 
contradicting item [(n)] in theorem [21 □ 

By definition, A = (ajj) is normal if an = and aij < 0, all i,j G [n]; see 
Em [19]. Notice that if A is normal and tropically idempotent, then A is a Kleene 

star, but not conversely; for instance, A ' ^ ^ 



only if zero belongs to Ca- 
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Trivially, A is normal if and 
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